Geometric instabilities in bilayered structures control the surface morphology in a wide range of biological and technical systems. Depending on the application, different mechanisms induce compressive stresses in the bilayer. However, the impact of the chosen origin of compression on the critical conditions, postbuckling evolution and higher-order pattern selection remains insufficiently understood. Here, we conduct a numerical study on a finite-element set-up and systematically vary well-known factors contributing to pattern selection under the four main origins of compression: film growth, substrate shrinkage and whole-domain compression with and without pre-stretch. We find that the origin of compression determines the substrate stretch state at the primary instability point and thus significantly affects the critical buckling conditions. Similarly, it leads to different post-buckling evolutions and secondary instability patterns when the load further increases. Our results emphasize that future phase diagrams of geometric instabilities should incorporate not only the film thickness but also the origin of compression. Thoroughly understanding the influence of the origin of compression on geometric instabilities is crucial to solving real-life problems such as the engineering of smart surfaces or the diagnosis of neuronal disorders, which typically involve temporally or spatially combined origins of compression.
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Geometric instabilities in bilayered structures control the surface morphology in a wide range of biological and technical systems. Depending on the application, different mechanisms induce compressive stresses in the bilayer. However, the impact of the chosen origin of compression on the critical conditions, postbuckling evolution and higher-order pattern selection remains insufficiently understood. Here, we conduct a numerical study on a finite-element set-up and systematically vary well-known factors contributing to pattern selection under the four main origins of compression: film growth, substrate shrinkage and whole-domain compression with and without pre-stretch. We find that the origin of compression determines the substrate stretch state at the primary instability point and thus significantly affects the critical buckling conditions. Similarly, it leads to different post-buckling evolutions and secondary instability patterns when the load further increases. Our results emphasize that future phase diagrams of geometric instabilities should incorporate not only the film thickness but also the origin of compression. Thoroughly understanding the influence of the origin of compression on geometric instabilities is crucial to solving real-life problems such as the engineering of smart surfaces or the diagnosis of neuronal disorders, which typically involve temporally or spatially combined origins of compression.
Introduction
In recent years, geometric instabilities in bilayered structures have been extensively studied with regard to 2018 The Author(s) Published by the Royal Society. All rights reserved. [17] under Creative Commons Attribution License), (d) wrinkled skin of a dried date, (e) folding of a polydimethylsiloxane (PDMS) film on a pre-stretched PDMS substrate (photography of samples previously published in [18] ), (f ) folded skin of Shar Pei whelps (adapted under Creative Commons CC0). (Online version in colour.)
wrinkling phenomena in both biological and technical systems (figure 1). Well-known examples in biology are the wrinkling of the skin of humans, animals and plants [1, 2] , the winkling of biofilms [3] , the large inward folds observed in airways of patients with asthma or chronic bronchitis [4, 5] and the convoluted surface morphology of mammalian cerebral cortices [6] [7] [8] [9] [10] . Abnormal folding patterns in human brains, for instance, are associated with severe neurological disorders such as autism and schizophrenia [11, 12] . Technical applications involve manufacturing of stretchable electronic components [13] , electronic skin [14] and pressure-sensitive diffraction gratings [15] used to measure Young's moduli of thin polymeric films and coatings [16] . In all the above-mentioned applications, the occurrence of geometric instabilities originates from film compression. However, depending on the application, two different mechanisms underlie the emergence of compressive stresses in the film (figure 2). The first is driven by differential growth or expansion of the film and substrate: the film has to grow/expand faster than the substrate. For instance, recent evidence suggests that the surface morphology of mammalian cerebral cortices evolves as the outer layers of the brain grow faster than the core during embryonic development [10] . Likewise, substrate shrinkage (SS; i.e. negative growth/expansion) can induce instabilities: in [19] , for instance, a thermally expanded polydimethylsiloxane (PDMS) substrate is coated with a thin metallic film, which-upon cooling-exhibits wrinkling patterns. In this case, the substrate shrinks faster than the film as the coefficient of thermal expansion of polymers is generally much larger than that of metals. The second mechanism is based on a whole-domain compression (WDC) of bilayers, which is often used in experimental set-ups. It can be achieved by bending a bilayer [20] or by imposing transversal contraction [16] . Alternatively, the substrate can be stretched prior to attaching the film with a subsequent relaxation of the bilayer [18, 20, 21] . It is important to note that for nonlinear materials pre-stretching the substrate will affect the stiffness ratio between the film and substrate and will thus affect the critical compression and resulting surface morphology [22] . Interestingly, a recent study has proved that buckling instabilities can also occur in tension, namely for layered structures with frictionless and bilateral interfaces [23] . However, in the current work, we will limit ourselves to the more common phenomenon of buckling under compression. Previous parameter studies on the critical conditions and post-buckling morphology of geometric instabilities have mainly focused on the influence of the film thickness, the stiffness ratio and the adhesion energy between the layers [21] . Additionally, the impact of substrate pre-stretch has been studied in computational set-ups based on a WDC of the bilayer [22] . However, a comparative evaluation of the critical conditions for primary wrinkling and the highly nonlinear post-buckling evolution for different origins of compression is still required. Holland et al. [24] studied different origins of compression using a semi-analytical linear perturbation analysis, which is limited to stiffness ratios close to unity, very small substrate pre-stretches and infinitesimal deformations past the instability point. In this work, we conduct a numerical study which aims to overcome the inherent limitations of analytical approaches. We compare the four main origins of compression on the same reference set-up: film growth (FG), SS and WDC with and without substrate pre-stretch. To this end, we evaluate the critical wavelength, the critical compression and the post-buckling evolution including secondary instabilities.
Analytical predictions
As classical analytical approaches to studying instabilities in bilayered structures [25, 26] aimed for closed-form solutions, they exhibit distinct limitations. These limitations include that only infinitesimal strains past the instability point and high stiffness ratios between the film and substrate are admissible. Moreover, these approaches neglect all shear stresses between the film and substrate. Consequently, the classical analytical analyses are not capable of differentiating between different origins of compression. Recent semi-analytical approaches (= analytical approaches without a closed-form solution, which consequently have to be solved numerically) presented in [22, 24] account for shear stresses and the origin of compression. However, they fail to describe the highly nonlinear post-buckling behaviour of complex problems as they remain restricted to certain ranges in stiffness ratio, small post-buckling strains and simplified geometries. Nonetheless, analytical solutions provide valuable insight into the qualitative effects of isolated parameters on the critical conditions and post-buckling morphology. Thus, we use a closed-form analytical solution presented in [27] that accounts for substrate pre-stretch to obtain analytical estimates for the critical wavelength λ c and critical film compression δ c of the examples studied. We consider a compressible, linear elastic plate bonded to an incompressible neo-Hookean substrate which has been stretched prior to film attachment. The bilayer undergoes a WDC in plane strain ( figure 3 ). This analytical model provided sound predictions for stiffness ratios μ f /μ s > 10, where μ denotes the classical shear modulus [22] . Subscripts 'f' and 's' refer to quantities related to the film and substrate, respectively; superscripts c and 0 refer to quantities at the instability point and in the undeformed configuration, respectively. Then the critical compression δ c = 1 − l c /l 0 of the bilayer and the associated critical wavelength λ c can be calculated from
and
3)
. We denote the film thickness at the instability point by t c and parametrize the film compressibility in terms of its Poisson's ratio ν f . In the absence of pre-stretch (i.e. λ 0 1s = 1) equation (2. 3) reduces to the classical Allen solution [26] . It is important to note that the analytical solution presented above is limited to infinitesimal post-buckling strains.
Computational model for different origins of compression
In this work, we propose a computational model capable of imposing the four main origins of compression simultaneously (figure 4). Each origin is switched on and off by choosing the appropriate kinetic parameters. We define a total of six governing equations: the kinematics, the balance equation, the constitutive law, growth kinematics, growth kinetics and dynamic Dirichlet boundary conditions enforcing WDC. We solve the highly nonlinear equations using the finiteelement method in a custom-designed environment implemented in Matlab (release 2014a; The MathWorks, Inc., Natick, MA, USA). Although the chosen reference problem could be solved in (a) Kinematics, Piola stress, balance equation
We introduce the deformation via the deformation gradient F and its Jacobian J, which we decompose multiplicatively into an elastic and a growth contribution to accommodate for growth or shrinkage [28] 
Following standard arguments of thermodynamics, we derive the Piola stress P,
as the classical elastic Piola stress P e weighted by the growth deformation gradient F g . The Piola stress then enters the balance equation for mechanical equilibrium. In the absence of volume forces, it reduces to
We define the constitutive law of a hyperelastic material in terms of its strain energy density ψ, which only depends on the elastic part of the deformation gradient F e . We implement a neoHookean material model by its strain energy function
with the Lamé constants μ and λ. We obtain the explicit expression for the elastic Piola stress P e as 
(c) Growth kinematics and growth kinetics
We choose uniaxial growth as the growth kinematics to mimic the polymer experiments in [18] , which are based on uniaxially pre-stretched bilayers. Consequently, the growth part of the deformation gradient F g and its Jacobian can be expressed as
where I is the second-order unit tensor and n is the direction of growth/shrinkage. We define the growth multiplier ϑ analogously to stretch as ϑ = l 1 /l 0 , which corresponds to the relative change in length in the growth direction. By rephrasing equation (3.1), we obtain the elastic part of the deformation gradient F e and its Jacobian J e
To describe the growth kinetics, we introduce constant growth rates G f and G s for the film and the substrate, respectively. We obtain the individual growth multipliers in the film and substrate by the integration ofθ
Depending on the choice of the growth rates G f and G s , the film and the substrate, respectively, can grow, shrink or behave purely elastic. Table 1 provides an overview of ϑ, F g , F e and P for different growth kinetics. In the case of WDC, we prescribe time-dependent displacements u x before entering the equation solver. We define the displacements bẏ
where G r denotes the displacement rate and l 0 is the initial film length.
(d) Numerics
We employ the finite-element method to discretize the problem and solve the governing equations at each time step with a standard Newton-Raphson iteration scheme. First, the growth multiplier of the film ϑ f and the substrate ϑ s and the prescribed displacement u x are updated by an explicit Euler integration scheme, yielding
where τ denotes the time-step increment. Once the growth multiplier ϑ at a given time step is fixed, the Piola stress P and its corresponding tangent modulus A are computed and enter the Newton-Raphson iteration. We compute the tangent modulus A as the total derivative of P with respect to F. For the neo-Hookean material model, this yields
We abbreviated non-standard fourth-order tensor products to
(e) Reference problem
For the comparative evaluation of different origins of compression, we chose the reference problem of a rectangular bilayer in plane strain. It is the most commonly used problem in analytical [9, 22, [24] [25] [26] [27] and numerical [21, 22, [29] [30] [31] [32] [33] approaches towards geometric instabilities in bilayered structures. While experimental designs are necessarily conducted in plane stress, conclusions from plane-strain models have proven applicable to plane stress as well [14, 15, 18, 20, 21, 27, 34] . All surfaces except the right edge and the top of the bilayer are confined to tangential displacement. While the top surface remains unconfined, we couple the x-displacements of all nodes on the right face to enforce that it remains vertical (figure 5). It is either allowed to move freely along the x-axis (FG, SS) or a displacement is prescribed (WDC with/without pre-stretch).
We chose an identical material model for all origins of compression and calibrated the corresponding parameters using the stress-strain curves according to experiments on PDMS bilayers in [18] . We obtained the material parameters from uniaxial tensile tests on a custombuilt tensile testing device (Hegewald & Peschke, Nossen, Germany) with samples according to DIN 53504 type S3. For the film, we determined the Lamé constants as μ = 2.233 N mm −2 and λ = 20.093 N mm −2 . For the substrate, we found μ = 0.077 N mm −2 and λ = 0.690 N mm −2 . These material constants correspond to slight compressibility at ν = 0.45.
(f) Perturbation
Our reference problem does not feature geometrical imperfections or gradients in material stiffness, thus a perturbation is necessary to avoid overly high buckling strains [35] . We introduce the perturbation in the centre of the geometric domain by prescribing a slight uniaxial shrinkage perpendicular to the film in a vertical band of substrate elements during the first few time steps. It is important to note that the perturbation is non-periodic and therefore does not predetermine the critical wavelength of the buckling pattern [35] . Width and magnitude of the perturbation were chosen small enough that neither the critical wavelength nor the critical film compression was affected by the perturbation. This was ensured through an extensive sensitivity analysis. 
(g) Meshing
The rectangular bilayer is discretized with a very dense mesh of one element per 0.5 mm in the x-/y-/z-direction and five elements across the film thickness. We chose tri-quadratic Lagrangian 27-node hexahedral elements as they are resilient to locking effects in problems involving geometric instabilities [31] . As we aim to quantitatively compare different origins of compression, we conducted a numerical study beforehand to ensure the adequacy of the chosen discretization. The numerical discretization error proved negligible for critical wavelengths λ c ≥ 3 mm (i.e. six elements per wavelength). Below this threshold, the film behaves overly stiff and thus critical compression δ c and critical wavelength λ c exhibit unrealistically large values.
Results
The main factors contributing to pattern selection in buckling instabilities are the critical film thickness t c , the stiffness ratio μ f /μ s and, for the case of WDC, the pre-stretch λ 0 1s . In the following, we systematically vary all three factors to assess the influence of the origin of compression on the buckling behaviour. We performed nine numerical series to investigate primary wrinkling: two series per origin of compression (figure 2), in which we varied the film thickness (10 steps, 
(a) Primary wrinkling instability
Once the gradually increasing compression in the film reaches a critical value, the system becomes unstable and the initially flat film wrinkles (this only holds for stiffness ratios considerably larger than unity). For a comprehensive comparison of different origins of compression, we evaluated the main characteristics of primary wrinkling instabilities: the critical wavelength λ c and the critical film compression δ c .
(i) Critical wavelength Figure 6 plots the critical wavelength λ c as a function of the critical film thickness t c . The linear relation predicted by the analytical solution in §2 is apparent regardless of the origin of compression. We observe that FG and SS yield almost identical wavelengths. For WDC without pre-stretch, we obtain slightly longer wavelengths than for differential growth, while WDC with pre-stretch λ 0 1s = 3 yields significantly shorter wavelengths. We attribute this observation to differences in substrate stretch at the instability point: for WDC with pre-stretch the substrate is under tension (λ c 1s = 2.70), while in the absence of pre-stretch the substrate is under compression (λ c 1s = 0.94). Owing to the nonlinear stress-strain relation of the neo-Hookean material model, a stretched substrate affects the stiffness ratio μ f /μ s at the instability point and therefore the critical wavelength λ c . This rationale seems consistent when we compare WDC without pre-stretch with differential growth and the analytical solution assuming λ 0 1s = 1. For the case of differential growth, the substrate is under modest tension at the instability point (λ c 1s = 1.027 − 1.116, depending on t 0 ), which accounts for slightly shorter critical wavelengths λ c . In the analytical solution, the substrate is assumed to be in a strain-free state and consequently the predicted critical wavelengths λ c are between those obtained for WDC and differential growth. In figure 6 , we include experimental data for WDC with a substrate pre-stretch λ 0 1s = 3, previously published in [18] . Interestingly, while experimental and numerical results agree well, the analytical solution fails to predict the numerical results for large substrate pre-stretch. We will revisit this issue when discussing the effect of substrate pre-stretch on the critical wrinkling wavelength. Figure 7 plots the critical wavelength λ c as a function of the stiffness ratio μ f /μ s . Analytical approaches predict the critical wavelength λ c to be proportional to the cubic root of the stiffness ratio μ f /μ s . The numerical data seem to support this prediction regardless of the origin of compression. Furthermore, the graph confirms the conclusions drawn from figure 6: FG and SS yield virtually identical wavelengths, while substrate pre-stretch will lead to smaller wavelengths. Again, the analytical solution for λ c 1s = λ 0 1s = 1 is nested between the results for WDC without pre-stretch (λ c 1s < 1) and deviates significantly from the numerical results for large substrate pre-stretch. Figure 8 illustrates the effect of substrate pre-stretch varied between λ 0 1s = 1 (no pre-stretch) and λ 0 1s = 5 (large pre-stretch) on the critical wavelength λ c . Increasing pre-stretch λ 0 1s correlates with decreasing critical wavelengths λ c . Interestingly, the numerical results deviate from the analytical solution for pre-stretches λ 0 1s > 1.5. We can rule out that the deviation of numerical and analytical results is caused by discretization errors, as an insufficient discretization typically causes larger rather than shorter critical wavelengths λ c . We conclude that figure 8 reveals the symptomatic restriction of analytical approaches to small strains. This limitation also explains why the analytical and numerical results disagree for large pre-stretches λ 0 1s = 3 in figures 6 and 7. Our results indicate that the analytical solution is only applicable to pre-stretches below a threshold of λ 0 1s ≈ 1.5.
(ii) Critical compression Figure 9 shows the sensitivity of the critical film compression δ c towards the critical film thickness t c . The analytical solution predicts that the critical compression remains unaffected by the film thickness. However, for differential-growth-induced instabilities, we observe a slight increase in δ c with increasing thickness t c . We attribute this to the fact that the film thickness affects the deformation state in the substrate. As the simulation domain can expand freely in the x-direction, the domain length at the instability point is determined by the equilibrium of forces between the compressed film and the stretched substrate. As thicker films behave stiffer, the substrate is stretched further until an equilibrium is reached, which results in a larger critical substrate . This hypothesis is supported by the observation that the results for differential growth approach the analytical solution for t c → 0. For an infinitely thin film, it holds that λ c 1s = 1 as assumed in the analytical solution. For WDC, the substrate stretch is independent of the film thickness, and we indeed observe constant critical compressions δ c , denoted in yellow and green in figure 9 . Nevertheless, the magnitude increases with increasing substrate pre-stretch λ 0 1s . We note that the critical compression for the smallest film thickness t 0 = 0.15 mm appears unexpectedly high compared with all other values. This might be an artefact of the finite-element discretization: for the smallest film thickness, we approach the limit of our mesh refinement as indicated in §3g. Figure 10 illustrates the critical film compression δ c as a function of the stiffness ratio μ f /μ s . For all origins of compression, the critical film compression δ c decreases asymptotically with increasing stiffness ratio μ f /μ s in agreement with the analytical solution in §2 predicting δ c ∼ (μ f /μ s ) −2/3 . We observe that FG and SS yield not only identical critical wavelengths λ c but also identical critical film compressions δ c . Independent of the stiffness ratio μ f /μ s , increasing prestretch λ 0 1s results in higher critical film compressions δ c . To further investigate these differences, figure 11 plots the critical film compression δ c as a function of the substrate stretch at the instability point λ c 1s . As expected, the critical substrate stretch is identical for FG and SS. For WDC, however, we observe an almost linear relationship between the critical film compression and the critical substrate stretch, dependent on the substrate pre-stretch λ 0 1s . In general, the critical compression appears slightly higher for FG or SS than for WDC at a similar substrate stretch state.
(b) Post-buckling evolution
Evaluating both the curvilinear wavelength λ cl and the Cartesian wavelength λ is a convenient method to characterize the post-buckling evolution of wrinkling patterns [20, 21] . While the Cartesian wavelength is simply measured along the length of the bilayer, the curvilinear wavelength λ cl is the corresponding wavelength along the surface of the wrinkled film ( figure 12 ). At the instability point, a wrinkling pattern with infinitesimal amplitudes is established, so that λ c cl ≈ λ c . As compression increases, wrinkle amplitudes grow and the morphology ratio λ cl /λ increases. Figure 12 plots the morphology ratio λ cl /λ against the simulation pseudo-time τ for the postcritical domain. While WDC and SS exhibit a progressive increase in the morphology ratio λ cl /λ, FG results in a degressive curve. Although FG and SS yield identical critical wavelengths and critical film compressions, this suggests a different post-buckling behaviour. Cartesian wavelength λ remains constant and the curvilinear wavelength λ cl increases. In other words, the wrinkles 'grow' in amplitude, while the wavelength is conserved. Notably, while FG and SS yield almost identical critical conditions at the instability point, these mechanisms differ significantly in their post-buckling evolution. Based on these observations, we are able to estimate the critical wavelength λ c of wrinkling patterns from their post-buckling configuration. For WDC or SS, it holds that the critical wavelength can be determined from the curvilinear wavelength of 
(c) Secondary instabilities
When a wrinkled bilayer as displayed in figure 14a is further compressed, secondary or even tertiary instabilities might arise. Pattern selection for secondary instabilities proved sensitive to the stiffness ratio μ f /μ s , the substrate pre-stretch λ 0 1s , the film thickness t 0 and also the origin of compression. Superimposing these factors non-trivially evokes either folding, mountain ridge mode or period-doubling, as illustrated in figure 14b-d. For the case of period-doubling, we even observed a tertiary period-quadrupling bifurcation when compression continued beyond the second instability point, as shown in figure 14e . In a first step, we assessed the influence of the stiffness ratio μ f /μ s and the pre-stretch λ 0 1s on the secondary pattern selection using WDC and a modest film thickness of t 0 = 0.35 mm. This set-up ensures comparability with earlier studies such as [20] [21] [22] . Figure 15 illustrates the secondary instability patterns resulting from different combinations of the stiffness ratio μ f /μ s and the pre-stretch λ 0 1s . Folding only occurs for small ratios μ f /μ s and pre-stretches λ 0 1s . On the contrary, the mountain ridge mode requires large stiffness ratios μ f /μ s and/or pre-stretches λ 0 1s . In a second step, we assessed the influence of the film thickness t 0 . The mountain ridge mode only occurs for thicker films (t 0 > 0.3 mm). As the entire deformation concentrates in single ridges, the substrate experiences very large deformations under the ridge, which requires a certain minimum film bending stiffness to prevent the film from collapsing into folds before ridges can form. The bending stiffness is proportional to the film's Young's modulus and the cube of its thickness. Likewise, we do not observe folding for large film thicknesses t 0 > 0.35 mm, as thick films behave too stiff to form cusped valleys.
Finally, we found that the origin of compression also controls secondary pattern selection. Generally, the mechanisms identified above for WDC are applicable to differential-growth-driven instabilities as well (also see [18, 32] ). However, we could not reproduce the mountain ridge mode with differential growth. We attribute this to the boundary conditions, which allow the domain to expand freely. For very stiff films, differential growth is primarily compensated for by increasing substrate stretch rather than film compression. Thus, it appears that we are unable to induce a sufficiently large film compression for the mountain ridge mode to appear.
Discussion
In this work, we have employed computational modelling to analyse the influence of the origin of compression on the critical conditions for wrinkling instabilities, as well as the post-buckling behaviour with the emergence of secondary instability patterns. We have demonstrated that the well-known qualitative dependencies for primary wrinkling instabilities λ c ∼ t c , λ c ∼ (μ f /μ s ) 1/3 , δ c ∼ (μ f /μ s ) −2/3 hold regardless of the origin of compression. Our results agree with previous studies employing FG [9] , SS [18, 19] and WDC with and without pre-stretch individually [15, 18, 27, 33] . Nevertheless, our systematic comparison shows that the critical wavelengths λ c and critical film compressions δ c differ quantitatively for each origin of compression on otherwise identical set-ups. Our findings indicate that these differences can mostly be attributed to differences in the substrate stretch state. Hereby, larger critical substrate stretches λ c 1s correspond to shorter critical wavelengths λ c (figures 6-8) and larger critical compressions δ c (figures 9-11). The importance of the substrate stretch state at the onset of wrinkling for comparative evaluations of different origins of compression has previously been discussed through analytical considerations in [24] . The less advanced analytical solution adopted in the current work disagrees with the computational results for substrate pre-stretches λ 0 1s > 1.5 due to its limitation to small deformations (figure 8). While more advanced analytical approaches may yield more realistic results for large substrate stretches, their capability to predict the post-buckling evolution and occurrence of secondary instabilities remains limited [24] .
Our systematic study confirms that FG and SS yield identical critical substrate stretches λ c 1s and consequently identical critical wavelengths λ c and critical compressions δ c (figures 6, 7, 9 and 10). It is tempting to speculate that any superposition of FG and SS should yield identical results as well. This may offer new paths to simplify modelling of biological growth processes.
However, our simulations demonstrate that the post-buckling evolution depends on the origin of compression. Wrinkling patterns evoked by FG grow in amplitude but retain their wavelength λ. On the contrary, wrinkling patterns caused by SS and WDC exhibit an accordion-like behaviour, where shrinking wavelengths compensate for growing amplitudes. In this case, the curvilinear wavelength λ cl remains constant ( figure 13 ). Provided that the origin of compression is known, it is possible to identify the critical wavelength λ c from either the Cartesian or curvilinear wavelength of post-critical wrinkling patterns. For FG, it holds that λ c ≈ λ, while for WDC and SS λ c ≈ λ cl . We have shown that secondary pattern selection in the highly nonlinear post-buckling regime depends not only on the stiffness ratio μ f /μ s , substrate pre-stretch λ 0 1s and film thickness t 0 , but also on the origin of compression. Folding is associated with small ratios μ f /μ s and pre-stretches λ 0 1s , the mountain ridge mode with large ratios μ f /μ s and/or pre-stretches λ 0 1s and perioddoubling with intermediate combinations ( figure 15) . These results agree well with previous studies investigating WDC with pre-stretch [20, 22, 33, 36, 37] . Although secondary instability patterns were predominantly determined by the stiffness ratio μ f /μ s and the substrate pre-stretch λ 0 1s , the film thickness t 0 and the origin of compression have a strong regulatory influence: they can suppress certain patterns and favour others. In our numerical study, folding only occurred for reasonably thin films, while the mountain ridge mode only emerged for thicker films. We obtained similar results in polymer experiments previously published in [18] . Finally, differential growth suppressed the mountain ridge mode. To the authors' knowledge, previous examinations of the mountain ridge mode [22, 33] have exclusively employed WDC. Our results indicate that current phase diagrams of secondary pattern selection [21] neglect important regulatory factors: the film thickness and origin of compression. Furthermore, our findings suggest that film compression and substrate pre-stretch need to be considered individually in phase diagrams. In [21] , they are instead bundled in a generic quantity, denoted as mismatch stretch. This is reasonably accurate for large stiffness ratios and pre-stretches only. Recent results published in [38] further indicate that, for systems with differentially growing layers, the ratio between film and substrate growth additionally contributes to pattern selection. Future studies are therefore required to generate comprehensive phase diagrams of secondary pattern selection that consider the great variety of regulatory factors.
We have gained a fundamental understanding of how the origin of compression influences primary wrinkling patterns, the post-buckling evolution and secondary pattern selection by studying each origin separately. However, in real-life problems, we generally experience temporally and/or spatially combined origins of compression. For example, growth rates and growth kinematics in biological growth processes can vary greatly over time, which leads to intricate multi-axial compression states. Similarly, the manufacturing of technical bilayers often involves heat treatment. Thus, mechanically induced WDC is coupled with thermally induced differential expansion. Our computational framework is designed to enable combined loadings, which will be the subject of future investigations. This can easily be extended to two-dimensional origins of compression and arbitrary three-dimensional basis geometries. We are convinced that in the future similar computational models, which incorporate different origins of compression, could be successfully applied in the engineering of smart surfaces or the diagnosis of neuronal disorders.
Limitations
Our computational model provides new insights into geometrical instabilities in bilayers subject to different origins of compression, yet it has a number of limitations. Geometric instabilities often result in localized deformations, such as folding and creasing patterns, where almost the entire deformation is focused in cusped valleys. Here, a finite-element analysis-based set-up, as presented in the current work, reaches its limits as localized instabilities require extremely dense meshes, resulting in exceedingly long simulation run times. We are certain that this limitation will be resolved eventually by the rapid advancement of computer hardware, which has already allowed computational models to progress from simple one-dimensional models [39] to complex three-dimensional models [10] in the last two decades.
Furthermore, we consciously refrained from implementing self-contact to maintain reasonable simulation run-times. Consequently, the evolution of instability patterns beyond the beginning of self-contact are outside the scope of the current investigations. Likewise, we assumed an infinitely strong adhesion between film and substrate and thus neglected effects like film delamination, which would have required, among other aspects, introducing the adhesion energy as an additional quantity.
For the comparison of different origins of compression, we chose a neo-Hookean material model as the one most commonly used in simulations of geometric instabilities. However, constitutive modelling of soft and highly nonlinear materials can be very challenging [40, 41] . Moreover, the neo-Hookean material model does not account for anisotropic or viscous material behaviour. While we consider these limitations to be acceptable for our current parameter studies, the neo-Hookean material model is limited in its applicability to real-life problems.
Conclusion
In this work, we have presented a solid computational framework to evaluate the influence of the origin of film compression (FG, SS and WDC with and without substrate pre-stretch) on geometric instabilities in bilayers. We have shown that the origin of compression controls the substrate stretch at the primary instability point, which-for nonlinear elastic materials-affects the stiffness ratio between the film and substrate and thus the critical wavelength and critical compression. While FG and SS yield identical critical conditions for primary wrinkling, they show a fundamentally different post-buckling behaviour. Our results have further demonstrated that secondary instability patterns in the highly nonlinear post-buckling regime not only non-trivially depend on the stiffness ratio and the substrate pre-stretch but also on the film thickness and the origin of compression. Even for appropriate combinations of the stiffness ratio and substrate pre-stretch, folding necessitates thin films, while the mountain ridge mode only occurs for reasonably thick films and WDC. Future studies on secondary pattern selection should therefore expand existing phase diagrams by incorporating the roles of the film thickness and the origin of compression.
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